We consider the momentum diffusion of atoms moving in a standing-wave laser field. We show how the correlation-function approach as originally applied to atoms at rest can be generalized to derive the velocity dependence of the momentum diffusion coefficient in standing waves, and that it gives results in agreement with the transport-equation approach to laser cooling. As an example we apply our calculations to determine the achievements of laser cooling in intense fields where cooling may occur around a nonvanishing velocity. Here we obtain temperatures which are 30'% lower than the corresponding minimum obtained around zero velocity. Our explicit calculations involve usage of the optical Bloch equations, the quantum regression theorem, and the matrix continued-fraction method.
I. INTRODUCTION
In the so-called semiclassical theories of laser cooling one attempts to derive and to solve an equation of motion involving only the phase-space distribution of atoms in position and momentum. Dealing, on one hand, with a classical description of the center-of-mass atomic motion and, on the other hand, with a quantum description of the atomic excitation and decay processes, the identification of the effects of one on the other presents both a paradigm for quantum physics and a problem of great practical interest. For these reasons it is satisfactory that by taking different approaches to the problem one arrives at identical expressions for the quantities of importance, the mean force and the momentum diffusion coefficient.
Two different approaches to the problem have been used: (a) Minogin [1] and more recently Javanainen [2] were able, under suitable approximations, to transform the transport equation for the Wigner function into a Fokker-Planck equation involving only the atomic centerof-mass phase-space distribution.
The force and diffusion coefficient are easily identifiable quantities in this equation.
Straightforward methods aiming directly at obtaining the velocity-dependent force and diffusion coefficient have been presented by Berg-S@rensen et al. [3] . (b) A correlation-function approach to momentum diffusion used by Cook [4] and by Gordon and Ashkin [5] has been proven by Dalibard and Cohen-Tannoudji [6 to be equivalent to the transport-equation treatment for atoms ct rest.
In this paper we extend the work on the correlationfunction approach and show that this represents an alternative derivation of the diffusion coefficient for moving atoms in a standing-wave field.
In a first approximation one has often considered only the linear part of the force, E = -o.v, and only the zerovelocity diffusion coefFicient. These quantities lead to a 
(FI,) = -hkA sin(kvt)u(t).
These are the equations for a static atom at the position z. For a moving atom with velocity v, the position z is replaced by vt.
With the notation of (13) The contribution DI, to difFusion using (6), (11) , and (13) If we write the optical Bloch equations as Thus the mean force and the difFusion can be obtained from the knowledge of the solution of (14) . This is because the two-time correlation function ((EU. (t), AU(t-))): -(AU(t) AU(t -w) +AU(t -) AU(t) ) appearing in (16) can be evaluated from the solution of (14) and the quantum regression theorem [9] . Note that for a moving atom 2DL, in (16) does not converge to a constant value but to a periodic function as t -+ oo. In Sec. III we shall obtain the mean value of this function.
Most previous work has evaluated (16) for atoms at rest. We illustrate the procedure in order to indicate how it works. First, we rewrite (15) and (16) for atoms at rest, algebra of the atomic operators:
where we take the stationary values [from (21) ] for (u, v, rv) . Equations (23) and (24) -r) (20) It should be borne in mind that M, u, v, and m are functions of position through the cos kz term in (20) . The above calculations (inversions of 3x3 matrices) are indeed not very complicated to carry out analytically [4, 5] and the procedure easily generalizes to more complicated atomic transitions and laser configurations, e.g. , in two and three dimensions [10] . 
( ((&U(t) &U(t -))) )
( ((AW(t), AU(t -~) )) ) (22) Note that with the definitions (13) the optical Bloch equations (14) and (19) (27) In this section we consider the application of the forrnalism of Sec. II to evaluate (15) and (16) [11, 12] . Also the fluctuations have been studied in order to obtain the spectrum of resonance fluorescence [13] , for example, from atoms moving in standing-wave laser fields.
For moving atoms, z = vt, we write (19) The three term recursion relation (33) can be solved using matrix continued fractions [14] . By assuming that H~and r~+& vanish for sufFiciently large N one can iterate these equations towards n = 0 where Eq. (30) allows us to terminate the resulting continued fraction and obtain an equation for g(0& and all higher Fourier components using (34). For details see the appendix of Ref. [3] .
We now examine the solution of (28) (24), to obtain the coefficients y(") (0) (41) and (42). These coefficients are then used in an equation similar to (39) to obtain the integrated y( ), and finally one obtains the diffusion coefFicient DI, . All quantities like the Q(")'s and the y(")'s are functions of velocity due to the presence of v in the recurrence relations.
As an application of the procedures, just outlined, we present in Fig. 1 the velocity dependence of both the force I and the diffusion coefficient D = DL, + D~. For the field parameters we assume 0 = 6~2F and 6' = -3I'.
Our results coincide with the ones obtained by BergSgrensen et at. [3] based on a derivation from the transport equation approach. As a matter of fact, the equations applied by these authors for the zeroth moment (with respect to momentum) of the density matrix including also the atomic center-of-mass variables coincide with the equations for our (u, v, vf) (14) and (19) , and their equations for the Fourier coeKcents of a suitably defined first moment are identical (except for a factor of -5k'/2) to the equations for our )t("). The difference in spirit between the transport-theory approach and the correlation function approach is that one is performed in a Schrodinger-like picture in which the system evolves, the other in a Heisenberg-like picture where the evolution of operators is considered. With the transport equations one determines the evolution of the system described by its density matrix (represented in [3] by a Wigner matrix), and then one "measures" the corresponding changes in momentum and momentum spread.
The approach presented here attributes such changes to the mean value and the fIuctuations of a known force operator, which are then calculated directly.
It should be mentioned that the works of Minogin [1] and of Javanainen [2] do not only address the values of F and D, but attempt at deriving the equation of evolution for the atomic phase-space density. The Fokker-Planck equation, assumed in this work and in Ref. [3] , is itself a result of their derivation. 
IV. COOLING AROUND A DOPPLERON VELOCITY
Having obtained the velocity dependence of the diffusion coefFicient and the force, we can apply these to determine the accomplishments of laser cooling in different situations. We shall here present an application to cooling around a nonzero velocity.
In Fig. 1(a) , we observe the so-called doppleron structures in the laser cooling force. In a perturbative treatment these correspond to higher-order processes: (n+ 1) absorptions from one and n stimulated emissions into the other traveling-wave component of the Beld is resonant at (2n + 1)kv = 6 [15] . The force is an odd function of the detuning b, and over a small velocity range around zero one obtains cooling with a laser detuned to the blue side, which is in contrast to the usual scattering-force picture of laser cooling. This velocity range gets larger when the Rabi frequency and detuning increase, and in the limit of very intense fields the force and the diffusion are conveniently described in the dressed-atom picture [16] . Here the doppleron structures can be interpreted as Stueckelberg oscillations due to diabatic (Landau-Zener) transitions between the positiondependent dressed states [17, 18] .
Of our interest here is that for a range of Rabi frequencies and negative-frequency detunings the force is not a cooling force around zero velocity [11] . Instead rameters studied in Fig. 1 Fig. 1 , and as we see from Fig. 1(b One comment should be made at this point: the semiclassical analysis of laser cooling requires the atoms to be heavy, i.e. , the dimensionless quantity MI'/hkz must be somewhat larger than unity. This enters the approximations in two different ways. First, via the assumption of a constant velocity, the force (of order hkl') must not accelerate the atom substantially (of order I'/k) during the time ( I' ) required by the mean values and correlation functions to reach their steady state. Second, we want simultaneously to be able to define the atomic position well within a wavelength (2vr/k) and the velocity on the scale of I'/k, without violating Heisenberg' s uncertainty principle. Note that the quantity MI'/hk is a constant specific to the atom and the cooling transition; in Ref. [3] , with a value of 19 for this constant, corresponding to a transition in the Li -ion, the FokkerPlanck equation with F and D of Fig. 1 gave results in excellent agreement with an exact quantum treatment.
Since the force is heating around zero velocity, Eq. (1) is meaningless in this case.
Like in most discussions of laser cooling, only the position-averaged force and diffusion coefficients are presented. In case one wishes to retain the full position dependence, e.g. , in studies of localization effects in laser cooling [19] , it is available from the higher-order coefficients in the Fourier expansions of Sec. III.
Finally, it should also be noted that the semiclassical treatment of laser cooling encounters fundamental difficulties in a number of situations where the time-scale separation between internal and external evolution (mentioned brieHy above in connection with the atomic mass G. S. AGARWAL AND K. MOLMER 47 criterion) breaks down [20] . Even with the recent advances in the full quantum treatments of laser cooling [21, 22] , one may still, however, anticipate an important role for the force and the diffusion coeKcients providing both reasonable quantitative approximations to the exact results and means for interpretation of characteristic features in laser cooling.
